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Abstract
The renormalized stress-energy tensor 〈Tµν〉 of the quantized complex massless scalar field which obeys
the automorphic condition in Misner space is obtained. It is shown that there exists the special value of
the automorphic parameter for which 〈Tµν〉 is regular on the chronology horizon and, so, can not act as a
protector of chronology through a back reaction on a spacetime metric. However, it is shown that, at the
same time, the value of field square 〈φ2〉, which characterizes the quantum field fluctuations, is divergent on
the chronology horizon. The assumption is suggested that the infinitely growing quantum field fluctuations,
which appear if a (self)interaction of the scalar field is taken into account, would prevent the chronology
horizon formation.
1 Introduction
It has been known that classical general relativity permits spacetime to develop closed timelike curves (CTCs)
and, as a consequence, violate causality (see [1] and references therein). Believing in the causality conservation,
recently, Hawking has proposed a chronology protection conjecture [2], which states that the laws of physics
will always prevent the formation of closed timelike curves. Hawking has argued that this conjecture might
be fulfilled quite generally due to vacuum polarization effects which will cause the expectation value of the
stress-energy tensor 〈0|Tµν |0〉 to be divergent at any chronology horizon1 where CTCs are trying to form, and
will prevent the formation of CTCs through a back reaction on the spacetime metric.
So far no proof of the chronology protection conjecture has been given. So it seems important to study the
vacuum polarization for different physical fields on a chronology horizon in various spacetimes with CTCs. In
a number of previous papers [3-13] such investigation has been done.
In papers [3-11] it has been shown that 〈0|Tµν |0〉 for a non-twisted massless scalar field diverges at the
chronology horizon in various spacetimes with CTCs. The back reaction of the metric to this diverging stress-
energy through the Einstein equations may be able to prevent the formation of CTCs. However, in Boulware’s
work it has been obtained that 〈0|Tµν |0〉 for a massive scalar field remains finite on the chronology horizon in
Gott space [7]. The similar result in Grant space was obtained by Tanaka and Hiscock. They have found that
〈0|Tµν |0〉 is finite on the chronology horizon provided the mass of the scalar field is above a lower limit which
depends on the topological identification scale lengths of the spacetime [13]. Thus, in these examples the metric
backreaction caused by a massive quantized field may not be large enough to significantly change the space
geometry and prevent the formation of CTCs.
One may see that the mass of a field could be a mechanism which provides a regular behavior of 〈0|Tµν |0〉
on the chronology horizon. Another possibility has been pointed out by Frolov in Ref.[4]. He has stressed that
the sign of the vacuum energy density may depend on the spin of a field. In particular one may expect that
the contribution of fermions to the energy density has an opposite sign than the contribution of bosons. And,
in principle, the situation could be when there is an exact cancellation of the leading contributions of all fields
(as it happens for the vacuum energy density in flat spacetime in a supersymmetric theory). In the later case
〈0|Tµν |0〉 could be finite on the chronology horizon.
In the previous paper [12] I have considered two-dimensional model of ”time machine” with an automorphic
complex scalar field. The automorphic fields φ(X) (X is a spacetime point) are those ones which obey the
∗E-mail: sushkov@kspu.ksu.ras.ru
1A chronology horizon ia a surface in spacetime which separates a chronal region (i.e., a region that contains no CTCs) from a
non-chronal region (one containing CTCs through every point). The chronology horizon is a special type of Cauchy horizon (see
for more details [1]).
1
generalized periodic (or automorphic) condition φ(γX) = a(γ)φ(X), where a2(γ) = 1, and γ are elements of
the discrete group of isometry Γ on a spacetime; operators γ act in the following way: γX = X˜ , where points
X and X˜ are identified. Note that the Lagrangian L[φ(X)] of free fields is quadratic in φ so it is invariant
under the symmetry transformations γ of spacetime. In the case of the complex scalar field the automorphic
condition takes the form
φ(γX) = e2πiαφ(X) , 0 ≤ α ≤ 1
2
, (1)
where α is an automorphic parameter. There are two particular cases α = 0 and α = 12 for which the condition
(1) reads φ(γX) = φ(X) (a non-twisted field) and φ(γX) = −φ(X) (a twisted field), respectively. (For more
details about automorphic fields, see Refs. 15 and 16.)
In the paper [12] it has been shown that 〈0|Tµν |0〉 for the complex scalar field remains finite on the chronology
horizon if the automorphic parameter has some specific values. This result is not a surprise. Moreover, one
may expect to obtain the similar results for automorphic fields in any spacetimes with CTCs. Really, it is
known that the sign of the vacuum energy density is different for the non-twisted (α = 0) field and the twisted
(α = 12 ) one. So one may suppose that near the chronology horizon a diverging part of 〈0|Tµν |0〉 will have
different signs for cases of a non-twisted field and twisted one. And one may also expect that in the case of
some intermediate value of the automorphic parameter α the diverging part of 〈0|Tµν |0〉 will vanish, so that the
vacuum expectation values of 〈0|Tµν |0〉 will be finite on the chronology horizon.
In this paper we continue an investigation of a quantized complex scalar field in a spacetime with CTCs in
order to understand better a role of automorphic fields in a mechanism of the chronology protection. In previous
work [12] the two-dimensional particular model of a time machine has been considered. Here we shall consider
the Misner space which is convenient for next reasons: (i) Misner space is a flat spacetime with non-trivial
topology so it does not need matter fields with the negative energy density as a wormhole spacetime does. (ii)
Misner space has a simple mathematical structure so it becomes possible to carry out the exact calculation of
〈0|Tµν |0〉. This calculation is interesting itself from the viewpoint of quantum field theory on a flat space with
a non-trivial topology.
In section 2 we briefly review the basic structure of the Misner space. The vacuum stress-energy tensor for
a complex scalar field is computed in section 3, and its behavior near the chronology horizon is analysed in
section 4. The units c = h¯ = G = 1 are used through the paper.
2 Misner space
In details the properties of Misner space have been analysed in Refs.[2, 10, 13]. Here we give a brief review of
this properties.
Misner space was originally developed to illustrate topological pathologies associated with Taub-NUT
(Newman-Unti-Tamburino) type spacetimes [17,18]. It is simply the flat Kasner universe with S1×R3 topology.
In the Misner coordinates (t, x1, x2, x3) the metric is given by
ds2 = −dt2 + t2(dx1)2 + (dx2)2 + (dx3)2 . (2)
By transforming to a new set of coordinates {yα} defined by
y0 = t cosh(x1) , y1 = t sinh(x1) , y2 = x2 , y3 = x3 , (3)
the Misner space metric becomes identical with the Minkowski space metric,
ds2 = −(dy0)2 + (dy1)2 + (dy2)2 + (dy3)2 . (4)
The unique properties of Misner space originate in its topology. In the Misner coordinates, the spacetime is
taken to be periodic in the x1 direction with period a. Thus, the following points are identified with one another:
(t, x1, x2, x3)↔ (t, x1 + na, x2, x3) . (5)
In the Minkowski coordinates, the above topological identification takes the form
(y0, y1, y2, y3)↔
(y0 cosh(na) + y1 sinh(na), y0 sinh(na) + y1 cosh(na), y2, y3) . (6)
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From (6) one may see that the Misner space identifications are equivalent to a discret Lorentz boost by a velocity
equal to tanh(na) in the y1 direction in the Minkowski space.
Consider the t-x1 plane of the Misner space and the light cone in the two-dimensional Minkowski space.
The lower half-plane (t < 0) of the Misner space is mapped onto the lower quadrant (the past light cone) of the
Minkowski space. The Misner metric (2) has an apparent singularity at t = 0. However, one can extend it by
introducing new coordinates
τ = t2 , v = ln t+ x1 .
The metric then takes the form
ds2 = −dvdτ + τdv2 .
This can then be extended through τ = 0. This corresponds to extending from the lower quadrant into the
left-hand quadrant. However, at τ = 0, the light cone tip over and a closed null geodesic appears. For negative
τ , closed timelike curves appear. The same result is obtained for the upper half-plane (t > 0) of the Misner
space and the future light cone in the Minkowski space. Thus, the t = 0 surface in the extended Misner space
separates the region with CTCs from the region without them. This surface is a chronology horizon.
3 〈Tµν〉ren and 〈φ2〉ren for complex scalar field in Misner space
Consider a complex massless scalar field φ with the stress-energy tensor
Tµν = (1− 2ξ)∇(µφ∇ν)φ¯+ (4ξ − 1)gµν∇αφ∇αφ¯−
2ξ(φ∇µ∇ν φ¯+ φ¯∇µ∇νφ) + 1
2
ξgµν(φ✷φ¯ + φ¯✷φ) . (7)
The scalar field φ satisfies the field equation
✷φ = 0 . (8)
(The complex conjugate field obeys the same equation ✷φ¯ = 0.) In the Minkowski coordinates {yα}, a general
positive-frequency solution of this equation can easily be written in the form
φ(y0, y1, y2, y3) =∫∫∫
dk1dk2dk3A(k0, k1, k2, k3)
4pi3/2k0
ei(−k0y
0+k1y
1+k2y
2+k3y
3) , (9)
where k0 =
√
k21 + k
2
2 + k
2
3 , and A(k0, k1, k2, k3) is an arbitrary ”spectral” function. Now let us demand that
this solutions obey the automorphic condition (1), which in Misner space takes the form
φ(y0 cosh a+ y1 sinh a, y0 sinh a+ y1 cosha, y2, y3) =
e2πiαφ(y0, y1, y2, y3) . (10)
Positive-frequency solutions (9) will be automorphic provided
A(k0 cosha− k1 sinh a, k1 cosh a− k0 sinh a, k2, k3) =
e−2πiαA(k0, k1, k2, k3) . (11)
The general solution of this functional equation is
A(k0, k1, k2, k3) =
∑
n
Cn(k2, k3)(k0 − k1)iν , (12)
where ν = −2pia−1(n+α), Cn(k2, k3) are arbitrary functions of k2 and k3, and the summation is taken over all
integer numbers n. Substituting the expression for A(k0, k1, k2, k3) in (9) and carrying out the integration over
k1 one can obtain the following representation for a general positive-frequency automorphic solution:
φ(y0, y1, y2, y3) =
∑
n
∫∫
dk2dk3C˜n(k2, k3)φJ (y
0, y1, y2, y3) , (13)
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where J is a multi-index {n, k2, k3}, and modes φJ (y0, y1, y2, y3) is given by
φJ (y
0, y1, y2, y3) = Dn(y
0 + y1)iν/2(y0 − y1)−iν/2×
H
(2)
iν
(
κ
√
(y0)2 − (y1)2
)
ei(k2y
2+k3y
3) (14)
κ =
√
(k2)2 + (k3)2, and Dn are normalizing coefficients. Below it will be convenient to use the Misner
coordinate set {Xα} = (t, x1, x2, x3). Using the relation (3) between Minkowski and Misner coordinates one
can rewrite the solutions (14) as follows:
φJ (t, x
1, x2, x3) = DnH
(2)
iν (κt)e
i(νx1+k2x
2+k3x
3) . (15)
Let us introduce the following scalar product 〈φ1, φ2〉 in the space of automorphic solutions (13)
〈φ1, φ2〉 = i
∫
Σ
[φ1(X)∂µφ¯2(X)− φ¯2(X)∂µφ1(X)]dσµ , (16)
where dσµ is a surface element of a Cauchy surface Σ in Misner space. As the value of this scalar product does
not depend on the particular choice of Σ, one may choose the surface Σ defined by the equation t =constant.
Taking into account the periodicity of Misner space in x1 direction, one may represent the scalar product as
follows:
〈φ1, φ2〉 = −it
∫ a
0
∫∫
t=const
[φ1(X)∂tφ¯2(X)− φ¯2(X)∂tφ1(X)]dx1dx2dx3 . (17)
The set of positive-frequency automorphic solutions (13) with the scalar product (17) forms a Hilbert space H .
The solutions (15) form an orthonormal basis in H : 〈φn, φm〉 = δnm provided
Dn =
eπν/2
4
√
pia
. (18)
The Hadamard function G(1)(X, X˜) is defined by
G(1)(X, X˜) =
∑
J
[φJ (X)φ¯J (X˜) + φJ (X˜)φ¯J (X)] , (19)
where
∑
J =
∑
n
∫∫
dk2dk3. Substituting the solutions (15) into the last expression, one can obtain after
calculations the following expression for the Hadamard function G(1):
G(1)(X, X˜) =
1
4pi2σ
+
1
pi2tt˜
√
1− χ2
∞∑
n=1
cosh[n(x1 − x˜1)] sin(n arccosχ)Ψn(α, a) , (20)
where
σ =
1
2
[−(t− t˜)2 + 2tt˜(cosh(x1 − x˜1)− 1) + (x2 − x˜2)2 + (x3 − x˜3)2] , (21)
and
Ψn(α, a) =
ena cos 2piα− 1
e2na − 2ena cos 2piα+ 1 (22)
To obtain the renormalized Hadamard function for the Misner space we must subtract from the expression (20)
the divergent Minkowski vacuum state term
G
(1)
0 (X, X˜) =
1
4pi2σ0
, (23)
where σ0 =
1
2gαβ(X
α − X˜α)(Xβ − X˜β) is a geodetic interval, which in the Misner coordinates is given by
σ0 =
1
2
[−(t− t˜)2 + t2(x1 − x˜1)2 + (x2 − x˜2)2 + (x3 − x˜3)2] . (24)
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So, the renormalized Hadamard function G
(1)
ren(X, X˜) is
G(1)ren(X, X˜) =
1
4pi2
(
1
σ
− 1
σ0
)
+
1
pi2tt˜
√
1− χ2
∞∑
n=1
cosh[n(x1 − x˜1)] sin(n arccosχ)Ψn(α, a) . (25)
Now we may find the renormalized vacuum expectation values of the stress-energy tensor 〈0|Tµν |0〉 and the field
square 〈0|φ2|0〉 (hereafter 〈Tµν〉 and 〈φ2〉).
The value of 〈φ2〉, which characterize the vacuum fluctuations, is defined as follows:
〈φ2〉 = lim
X˜→X
G(1)ren(X, X˜) , (26)
Hence, using the expression (25) for G
(1)
ren, we can obtain
〈φ2〉 = K
t2
, where K ≡ K(α, a) = 1
pi2
∞∑
n=1
nΨn(α, a) . (27)
The vacuum expectation value of the stress-energy tensor for a complex massless scalar field can be written
as
〈Tµν〉 = lim
X˜→X
{
(1− ξ)∇µ∇˜ν + (2ξ − 12 )gµν∇α∇˜α
−2ξ∇µ∇ν + 12ξgµν✷
}
G(1)ren(X, X˜) . (28)
Using the expression (25) for G
(1)
ren, computing the derivatives and taking the limit as the separated points are
brought together, one can obtain the following expressions for the components of 〈Tµν〉 with arbitrary curvature
coupling:
〈Tµν〉 = 1
t4
diag(L, 3L,M,M) , (29)
where
L ≡ L(ξ, α, a) = 1
pi2
∞∑
n=1
(
n− n3
3
− 3ξn
2
)
Ψn(α, a) , (30)
M ≡M(ξ, α, a) = 1
pi2
∞∑
n=1
(
2n+ n3
3
− 9ξn
2
)
Ψn(α, a) . (31)
For conformal coupling (ξ = 16 ) the stress-energy tensor 〈Tµν〉 has the form
〈Tµν〉 = 1
t4
diag(N, 3N,−N,−N) , (32)
where
N ≡ N(α, a) = L(16 , α, a) = −M(16 , α, a) =
1
pi2
∞∑
n=1
(
n
12
− n
3
3
)
Ψn(α, a) . (33)
4 Behavior of 〈Tµν〉 and 〈φ2〉 near the chronology horizon
As has been shown in section 2 the chronology horizon in Misner space is the t = 0 surface. One may see that
the expressions (27), (29) and (32) for 〈φ2〉 and 〈Tµν〉 are generally diverged on the chronology horizon, when
t goes to zero. However, it may be possible that the factors K, L, M , or N become equal to zero. In this
case the corresponding components of 〈Tµν〉 and/or 〈φ2〉 are equal to zero too and they remain regular on the
chronology horizon.
Consider the case of non-conformal coupling (ξ 6= 16 ). In this case 〈Tµν〉 is given by the expression (29).
Coefficients L and M are the functions L(ξ, α, a) and M(ξ, α, a) of parameters ξ, α (automorphic parameter)
and a (periodicity parameter). Let us fix two parameters ξ and a. The graphs of L and M as functions of α is
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shown in the figure 1. One may see that the functions L and M have alternating signs. They become equal to
zero at some values of α, which are different for L and M , i.e. the coefficients L and M are not equal to zero
simultaneously. Note that this behavior of the functions L and M remains qualitatively the same for all values
of ξ and a. Thus, we can do the conclusion that the components of 〈Tµν〉 (at least, the some of them) diverge
at the chronology horizon for all values ξ 6= 16 , α and a.
Figure 1: Graphs of L(ξ, α, a) (solid line) and M(ξ, α, a) (dashed line) as functions of α.
Now consider the case of conformal coupling ξ = 16 . In this case 〈Tµν〉 is given by the expression (32). We
may see that the behavior of 〈Tµν〉 is only determined by the coefficient N . The family of the graphs of N(α, a)
as a function of α, corresponding to the various values of a, is shown in the figure 2 (the solid lines). From
figure 2 one can see the next characteristic features of the behavior of N . The function N(α, a) has alternating
sings, and, for any value of a, it becomes zero at the point
α = α∗ ≈ 0.24 .
We obtain that the coefficient N is equal to zero if α = α∗. But if N = 0, then all components of 〈Tµν〉 are
identically equal to zero too. Thus, we can conclude that there exists the special case with the automorphic
parameter α = α∗, when the stress-energy tensor 〈Tµν〉 of the complex massless scalar field vanishes in the whole
Misner space. Of course, this ”everywhere null” stress-energy tensor is also equal to zero on the chronology
horizon, and so it can not prevent closed timelike curves from appearing through the back reaction on the
spacetime metric.
Does it means that this field configuration can not act as a protector of chronology? To answer, let us
consider the behavior of 〈φ2〉. 〈φ2〉 is given by the expression (27) and fully determined by the coefficient K.
The family of the graphs of K(α, a) as a function of α, corresponding to the various values of a, is shown in the
figure 2 (the dashed lines). One may see that K is a function with alternating signs, which becomes zero at some
point α = α⋆. It is important that α⋆ 6= α∗. Hence, when the components of 〈Tµν〉 are equal to zero, at the same
time 〈φ2〉 is distinct from zero. Thus, we may conclude that 〈φ2〉 will be divergent on the chronology horizon,
and, as a consequence, the vacuum field fluctuations will be infinitely growing as the chronology horizon try
to form. This infinitely growing vacuum fluctuations may lead to an appearance of the infinite vacuum energy
Figure 2: Family of graphs of K(α, a) (dashed lines) and N(α, a) (solid lines) as functions of α.
density if a (self)interaction of the scalar field is taken into account. As real physical fields are non-free, one
may suppose that the vacuum fluctuations could be a mechanism that prevents the chronology horizon from
forming.
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